There are certain situations in noisy nonlinear dynamical systems, for which it is required a fast transition between a chaotic and a periodic state.
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Introduction
Chaotic trajectories have been traditionally seen as an undesirable behaviour which should be suppressed. However, in recent years, there have appeared different scenarios where the chaotic behaviour can be desirable. In mechanics, for example, chaos helps to prevent undesirable resonances (Schwartz and Triandaf, 1996) . In engineering, the thermal pulse combustor is more efficient in the chaotic regime (In et al., 1997) . In living organisms, chaotic dynamics in vital functions can make the difference between health and disease (Perc and Marhl, 2006) . In biology, it has been suggested that the disappearance of chaos may be the signal of a pathological behaviour (Yang et al., 1995) . In addition, there are systems where the transient dynamics evolves to an undesirable state like in Capeáns et al. (2014) , where after a chaotic transient behaviour, one of the species gets extinct, or in the cancer model described in López et al. (2014) , where the dynamics evolves towards an undesirable tumour growth.
Transient chaos is an unstable chaotic behaviour, in which the uncontrolled trajectories behave chaotic in a certain region of the phase space before eventually escaping to an external attractor. With the aim to maintain the transient chaotic behaviour indefinitely, in Sabuco et al. (2012a Sabuco et al. ( , 2012b , a robust strategy called partial control was proposed. The method is based on the use of certain sets in the phase space (Blanchini, 1999) and highlights for being able to handle noisy systems and the use of a smaller amount of control in comparison with the amount of disturbances affecting the system. To do that, the control method computes the set of points in the chaotic region of phase space, which require a small control to remain in. This set is called the safe set. The partial control method has been successfully applied to several paradigmatic systems like the Hénon map or the Duffing oscillator (Sabuco et al., 2012a) , as well as other models in the context of ecology or cancer dynamics (Capeáns et al., 2014; López et al., 2014) .
The aim of this work is not to maintain the transient chaotic behaviour forever, but only during certain period of time, after which the trajectories are forced to escape. See Figure 1 . The easiest way of doing it would be first to apply the control, and stop it after the desirable period of time. As the dynamics is chaotic transient, the trajectories eventually will escape without external intervention. However, the time interval between the moment in which the control is stopped and the moment in which the trajectories leaves the chaotic region, can be very long in the presence of external disturbances. This time can vary widely depending on the parameters of the system, the initial conditions, or the random influence of disturbances. In this sense, we have found that it is possible to use the same safe set computed in the partial control method, to greatly reduce the escape time of the trajectories in the chaotic region. We show in this paper, how this is possible with the use of small perturbations and the safe set mentioned earlier, to stabilise (keep chaotic) or destabilise (fast escape) the transient chaotic dynamics. The structure of the paper is as follows. Section 2 is devoted to a description of the control method and its corresponding application to the logistic map and the Hénon map as paradigmatic models. Finally, some conclusions are drawn in Section 3.
The control method
In Sabuco et al. (2012a) , the foundations of the partial control method are described. The method is applied on maps affected for some bounded disturbance ξ 0 , so that the controlled dynamics is q n+1 = f(q n ) + ξ n + u n where u n is the control applied. By a previous identification of the transient chaotic region in the phase space, an algorithm called sculpting algorithm (Sabuco et al., 2012a ) is able to obtain a set of points (the safe set) in this region, for which the upper control value necessary to remain in this set is u 0 < ξ 0 . This counterintuitive result means that it is possible to keep the trajectories in the safe set, by using a control smaller than the disturbance affecting it. Notice that the control is applied to drive trajectories inside the safe set. We face a completely different scenario if at some moment we want to force the trajectories to abandon the safe set and therefore escape to an external attractor. We show here that an optimal way to achieve this goal is to apply the control to drive the trajectories outside of the safe set. The simplest strategy is to apply the control |u n | ≤ u 0 each iteration to the most far away point in the map of the safe set. As we will show in the examples, this strategy reduces significantly the average time escape, in comparison with the average time escape if no perturbations are applied.
The procedure can be summarise in these steps:
1 Given the map affected by a bounded disturbance ξ 0 , identify the transient chaotic region that we call Q 0 .
2 Take an upper value of control u 0 < ξ 0 , and apply the sculpting algorithm to obtain the safe set. Notice that the safe set is a subset of the region Q 0 .
3 Keep the trajectories in the chaotic region: The control |u n | ≤ u 0 is chosen with the knowledge of f(q n ) + ξ n , and applied to place the trajectory again in the set.
4 To force a fast escape of the trajectory from the chaotic region, the control |u n | ≤ u 0 is chosen with the knowledge of f(q n ) + ξ n , and applied to place the trajectory in the furthest point respect to the safe set computed before.
In Figure 2 , we can see a scheme representing the safe set acting in a dual way. In an attractive mode, when the trajectories are kept chaotic, and in a repulsive mode to speed up the escape of the trajectories. To show this procedure, two examples are drawn in the next section.
Figure 2
The two ways to apply the control in the safe set (see online version for colours)
Notes: In this figure, we represent a scheme of the safe set and how the control is applied. We assume that some disturbance ξ n is affecting the dynamics, so that q n+1 = f(q n ) + ξ n + u n . In the figure on the left, the goal of the control u n is to go back to the safe set to keep the chaotic transient behaviour. In the figure on the right, the control is applied to push aside the orbit from the safe set and therefore produce the escape.
The logistic map
The logistic map is defined as follows:
where x ∈ [0, 1] and r ∈ [0, 4] to keep orbits in the interval [0, 1] . Transient chaos appears in the logistic map for parameter values r > 4. In order to compute an example, we have fixed r = 4.1. For this value, the orbits starting in the interval [0, 1] typically abandon the interval after a long transient. In addition, we have considered that these orbits are affected by disturbances with a bound ξ 0 . The effect of this disturbance can be both, to accelerate or to slow down the time escape depending on the particular contribution of the random disturbances in each iteration of the map. To keep the chaotic trajectories in the interval x = [0, 1], we consider to apply the control u n bounded by u 0 . In this way, the dynamics of the partially controlled map is In order to apply the control, the safe set was computed for the value of disturbance ξ 0 = 0.03 and control value u 0 = 0.02. The safe set is showed with thick blue bars to help the visualisation. In the first 10 iterations (green points) the control is applied to return the orbit to the safe set. Then, in figure (a) the orbit is free to escape (no control is applied). However in figure (c) the orbit is forced to escape (red points). In figures (b) and (d) the corresponding time series are displayed. Notice that, by inducing the escape, the time to abandon the interval [0, 1] is greatly reduced.
For this example, we have chosen the values ξ 0 = 0.03 and u 0 = 0.02. Then, we compute the safe set showed in Figure 3 . Imagine now that for instance, we want to keep the dynamics in the interval [0, 1] during ten iterations and then induce the escape. In  Figures 3(a) and 3(b) , we show the evolution of the variable x, where the control is applied in the first ten iterations to return orbits to the safe set. After that, we stop applying the control and the trajectory eventually escapes after a long time. In  Figures 3(c) and 3(d) , we represent the same situation with the difference that, after the first ten iterations, the control keeps applied with the goal of forcing its escape. As we can see in Figure 4 , the average time escape is much smaller when the control is applied. In addition, the standard deviation of the time escape associated to the forced orbits is much smaller, which ensures that most orbits will escape very soon. 
The Hénon map
The Hénon map is described by The control is applied in two ways represented by green and red points. In the first 30 iterations (green points), the control drives the orbits to return to the safe set. In figure (a), after this first 30 iterations the applications of control is stopped, and the orbits are free to escape (red points). However, in figure (c), the control is applied to induce the escape and as a result the time escape is significantly reduced. In figures (b) and (d), the corresponding time series of the variable x is showed.
In this case, we choose as an example the values ξ 0 = 0.09 and u 0 = 0.06 for the disturbances and control respectively. Next, we compute the safe set showed in Figure 5 . In this case, we choose 30 iterations to keep the trajectory in the chaotic region, and after that, induce the escape. In Figure 5 (a), we represent a trajectory in which the escape is not forced, while in Figure 5 (c), the trajectory is forced to escape by the application of perturbations to move away of the safe set. As a result, the trajectory escapes in much less iterations [see the corresponding time series in Figures 5(b) and 5(d)]. To show a fair comparison of the time escape, we represent in Figure 6 the average time escape for both strategies, free escape and forced escape. The escape with the second strategy is about five times faster which supposes a big improvement, and all of that by using |u n | ≤ u 0 < ξ 0 at each iteration. With this strategy, the average time escape is reduced about a factor 5.
Conclusions
We have proposed a new approach based on the partial control method, to handle transient chaotic dynamics affected by external disturbances. The goal of control is to keep trajectories chaotic during a desired time, and after that, to force the escape in the shortest possible time. To do that, we only have to compute the corresponding safe set which can be used in a dual way. In the attractive way, the perturbations are applied to put back the orbits in the safe set and therefore keep the chaotic behaviour. In the repulsive way, the perturbations drive the trajectories far away from the safe set to produce the escape. The control method was tested in the paradigmatic models, the 1D logistic map and the 2D Hénon map for a choice of parameters where the transient chaotic dynamics appears. In both cases, we show how to compute the safe set and how to use it to control the trajectories. The main advantage of the method is the small amount of control necessary to apply, and the significant reduction of the time escape. In addition, we show that this approach is robust in the sense that is able to deal with noisy dynamics. The procedure to apply the method is also very simple, once the chaotic region is identified, and the upper values of the disturbance and control are specified, the computation of the safe set is automatic, making the method very easy to implement.
